The second-order laminated plate theory is utilized in this work to analyze orthotropic composite plates with asymmetric delamination. First, a displacement field satisfying the system of exact kinematic conditions is presented by developing a double-plate system in the uncracked plate portion. The basic equations of linear elasticity and Hamilton's principle are utilized to derive the system of equilibrium and governing equations. As an example, a delaminated simply supported plate is analyzed using Lévy plate formulation and the state-space model by varying the position of the delamination along the plate thickness. The displacements, strains, stresses and the J-integral are calculated by the plate theory solution and compared with those by linear finite-element calculations. The comparison of the numerical and analytical results shows that the second-order plate theory captures very well the mechanical fields. However, if the delamination is separated by only a relatively thin layer from the plate boundary surface, then the second-order plate theory approximates badly the stress resultants and so the mode-II and mode-III J-integrals and thus leads to erroneous results.
Introduction
Delamination in composite plates takes place often as the result of manufacturing defects, low-velocity impact, compressive loads and free edge effect, etc. [1] [2] [3] [4] [5] [6] [7] [8] [9] . The resistance against delamination or interlaminar fracture is characterized by the energy release rate (ERR) and its critical value (CERR) [10] [11] [12] [13] . In laminated composite plates the presence of delaminations and cracks reduces the strength and stiffness (e.g. [14, 15] ) and changes the dynamic properties significantly, and therefore has a major influence on the lifetime of the structure. The delamination behavior of composite materials is characterized by different specimens for mode-I [16] [17] [18] [19] [20] [21] [22] [23] , mode-II [24] [25] [26] , mixed-mode I/II [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , mode-III [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , mixed-mode I/III [49] mixed-mode II/III [42, [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] and mixed-mode I/II/III [60] [61] [62] tests, respectively. Many other papers investigate the problem of cracked and delaminated plates from the theoretical point of view (static, dynamic load and buckling) [63] [64] [65] [66] [67] [68] [69] [70] using analytical and finite element (FE) methods. The strip element method (SEM) is also suitable to solve problems related to laminated plates and shells. The method discretizes the layered composite structure in layers of elements. Problems including harmonic and transient wave propagation [71] [72] [73] [74] [75] and general static analysis [76] [77] [78] have already been solved.
The application of the SEM to the mechanical modeling of cracks in composite [79] [80] [81] [82] [83] and sandwich [84] plates and shells is also well-documented in the literature.
The accurate determination of the deformation around the delamination front is essential for the precise calculation of the ERR in plates. The literature offers numerous plate theories, such as the classical laminated plate theory (CLPT) [85] [86] [87] , first-order (FSDT) [85, 88, 89] , second-order (SSDT) [90] [91] [92] and third-order (TSDT) [85, 88, [93] [94] [95] [96] [97] shear deformable plate theories, the latter offer several subtheories, as well [85] . Other advanced theories including 3D elasticity and exact solutions are also available [98] [99] [100] [101] [102] [103] [104] [105] [106] . Finally, the layerwise and Zig-Zag theories should be mentioned [85, [107] [108] [109] [110] [111] [112] [113] [114] [115] [116] [117] . For plates without assumed material defects the improvement in the plate solution by higher-order theories compared with CLPT and FSDT is only slight, at the same time the computational efforts increase significantly [85] . In contrast, the presence of material defects (cracks and delaminations) makes the stress and strain fields more complex around the location of the defect, which can be more accurately described by the higher-order theories [118, 119] .
Delamination characterization in laminated composite plates is very important to improve the structural reliability under inservice loading. The bending of delaminated composite plates induces coupled mode-II (inplane) and mode-III (antiplane) shear fracture modes. It has been shown that the coupling between antiplane-inplane shear fracture modes is significant [120, 121] . The application of plate theories to these problems is documented only for some basic problems including inplane load and simple loading schemes (e.g. [122, 123] ) Although some efforts have been made to develop mixed analytical-numerical methods using FE models and coupling constraints between the displacements and rotations in shell elements, but these works do not generalize the applicability of plate models [124, 125] . In some recent papers the CLPT, FSDT, SSDT and TSDT were applied for symmetric lay-up and midplane delaminated plates [118, 119, [126] [127] [128] [129] . An important aspect of these works is that a displacement field satisfying the kinematic continuity between the top and bottom elements of a double-plate system was ensured through interface constraint equations. It was found that using the proper displacement field each theory gives acceptable result for the widthwise distribution of the J-integral (e.g. [130] ). Later, the interface constraint equations were formulated for asymmetrically delaminated plates too involving five conditions against the displacement field. The system of exact kinematic conditions (SEKC) [131] includes the continuity of the inplane and transverse displacements at the interface, moreover utilizes an optional global plane to define the reference plane of the plate. Recently it was shown that for third-order Reddy plates even the continuity of the shear strain along the interface is important [132] and therefore the revised form of the SEKC was presented. Using the SEKC it was elaborated that the FSDT theory gives acceptable result only if the delamination is close to the midplane of the plate [131] . The reason for that is FSDT provides a piecewise constant prediction for the interlaminar shear stresses, which is insufficient when the delamination divides the plate into a relatively thick and a relatively thin layer. In other words, the FSDT gives erroneous results for asymmetrically delaminated plates because it does not satisfy the traction-free boundary conditions (BCs) at the top and bottom plate surfaces. In the literature only few papers are available for the application of SSDT (e.g. [90, 91, 133, 134] ), therefore in this paper that theory is applied to orthotropic plates with asymmetric delamination. Although this theory is still not able to satisfy the dynamic BCs for plate bending problems and the continuity condition of shear strains at the interface, a more accurate mechanical solution is expected compared to the FSDT [131] . The shear stresses are approximated by linear functions over the thickness of the plate, therefore a better prediction of the J-integral can be achieved. The governing equations of SSDT are derived using the SEKC and a system of partial differential equations (PDEs) is obtained. A simply supported plate is considered as an example and the solution was calculated by Le´vy plate formulation and the state-space approach. The comparison of the analytical results to those by linear FE calculations and previous FSDT results [131] shows that SSDT captures excellently the mechanical problem, however it fails to give correct result for the ERRs when the delamination is very close to the free surface of the plate.
The SEKC
Assuming a laminated plate with a stacking sequence including orthotropic plies and an interlaminar delamination the displacement field of the uncracked portion of the plate can be captured by different plate theories. This section is essentially about the undelaminated portion of the plate. The delamination divides the plate into a top and bottom element, each is modeled as an equivalent single layer (ESL). Independently of the fact that whether the classical (Kirchhoff or CLPT) theory [85] , FSDT [85, 86] , SSDT [90] , [129] or TSDT [85] is applied, the displacement field of the undelaminated part has to satisfy certain kinematic conditions. In the general case we assume that the delamination is arbitrarily placed between any two adjacent layers of the plate as is shown by Figure 1 . The through thickness curves represent the second-order distributions of the inplane displacement functions. The piecewise dashed lines mean the distribution of the transverse shear strains (g xz and g yz ) across the top and bottom plates. First, displacement continuity between the top and bottom layers has to be ensured in the plane of the delamination (or interface), the requirements are
where, referring to Figure 1 , u, v and w are the components of the displacement vector, z (t) and z (b) are the local through-thickness coordinates, t b and t t are the thicknesses of the bottom and top plates, moreover z b R and z t R are the positions of the reference planes of the top and bottom plates, respectively. Second, the reference plane of the uncracked plate portion should be defined according to Figure 1 . The uncracked plate portion is formed by assuming a perfect bond between the top and bottom plates. At the global reference plane (Z = 0) the inplane displacements are equal to u 0 and v 0 . If the lay-up of the laminate is unsymmetric or the delamination does not lie in the global midplane then the bendingstretching coupling [86] leads to global membrane displacements, these are denoted by u 0 and v 0 . Since there is a perfect bond between the top and bottom plates of the undelaminated portion, these are the same for the top and bottom plates. Figure 1 shows that u 0 and v 0 are measured from the global Z axis. The kinematic conditions are formulated for two different cases depending on the thicknesses of the top and bottom plates, respectively:
where z R is the position of the reference plane in the uncracked portion. It should be kept in mind, that for a single problem only two of the four above hold. Equations (1) and (2) are the SEKC in the mechanical modeling of delaminated plates. As it is shown, there are five conditions formulated. In most of the cases, for the sake of simplicity it is convenient to choose the midplane of the plate to be the reference plane [85, p. 113] . In this case (1)-(2) reduce to 
For plates with symmetric lay-up and midplane delamination it is required to analyze only the top (or bottom) plate (symmetric problem) [129] , therefore the five conditions reduce to three only:
As has already been mentioned, the SEKC is suitable to be implemented into any plate theory, this work presents the application by using the SSDT.
Application to second-order delaminated orthotropic plates
In this section we develop the displacement field and the governing equations for the undelaminated plate portion only. The delaminated part of the system can be captured by the standard SSDT, which is available in the literature [91] . The inplane components of the assumed displacement field in secondorder plates can be written as
where d takes t for the top and b for the bottom plate, respectively (refer to Figure 1 ), furthermore u 0 and v 0 are the (through-thickness) constant parts (bending-stretching coupling) of the displacement functions, u 0d and v 0d are the local constant parts (measured from the global membrane displacements, refer to Figure 1 ), u xd and u yd are the rotations about the x and y axes, f xd and f yd are the parameters of the second-order terms, respectively. Utilizing (3)-(4) and the first case in (4), moreover taking the midplanes of the top and bottom plates to be the reference planes it is possible to establish the relationship between u 0d , v 0d , the rotations and the second-order terms, respectively in the following way:
Taking (7)- (8) back into (6) the displacement field components satisfying the SEKC requirements can be written as
Since the plate is inextensible in the z direction the transverse deflection of both the top and bottom plates are the same and denoted by w(x, y). That means the delamination involves combined mode II/ III or antiplane-inplane shear mode conditions. We note that this fracture mode often involves some intra-ply cracking (e.g. [135] ) and near-tip matrix cracking [47] prior to delamination onset. However the investigation of the coupling between delamination onset and the former damage modes is outside the scope of this paper. The strain field for the top and bottom plates is obtained by the basic equations of linear elasticity [136] :
It is also shown in Figure 1 that the shear strains (g xz and g xz ) are linear functions in terms of z (d) and discontinuous at the interface plane. Based on (9)- (10) we have
The zeroth-order strains are different for the top and bottom plates, namely 
The relationships among the stress resultants and strain parameters of second-order plates are [91] 
where the matrices with superscript ''*'' mean the following:
where the dot should be replaced by A, B and D. Moreover, fN g
is the vector of inplane forces, fMg
is the vector of bending and twisting moments, fQg
is the vector of transverse shear forces, and finally fLg
are the vectors of higher-order stress resultants. The stress resultants are defined as [85] 
where the symbols a and b take x and y. In (17)- (18) 
where
ij is the stiffness matrix of the kth laminate [85, 86] . To derive the system of governing PDEs the total potential energy of the uncracked region should be formulated [85] . Afterwards, applying Hamilton's principle it is possible to obtain the following equations:
where i = x, j = y or i = y, j = x leading to ten equilibrium equations. The last equation becomes
As can be seen the equations reveal significant coupling between the stress resultants compared to the standard SSDT [90] . Taking back (11)- (21) into (23)- (28) we obtain the governing PDE system in terms of the displacement parameters:
where q = q(x, y) is the external load function, the vectors and matrices in (29) are defined in the Appendix. Analytical solution of the boundary value problem exists only for some special cases with special BCs. In the sequel the solution of a simply-supported plate is presented.
Example: a simply supported delaminated plate
In this section we solve the problem of a simply supported delaminated plate subjected to a point force, shown by Figure 2 . The delamination is the gray rectangle in regions (1), (1q) and (1a). This problem involves bending and torsion as well as membrane deformations, and so can be assessed as a relatively complicated case. If the model is able to describe this problem accurately, then it can be assumed that it works even in simpler cases, e.g. in plates subjected to inplane loads. Apart from that in the last years several plate bending specimens have been developed for the characterization of mode-III [137] and II/ III [138] interlaminar fracture of laminated composite materials. These specimens are created with straight delamination front, i.e. the same geometry as the one considered in this work. Analytical solutions are not yet available for these specimens, and therefore the experimental tests can be evaluated only by 3D FE calculations. The plate theory solution can replace the FE models, and in a long-term course, the analytical model can be the basis to develop a shell FE for the delamination modeling of composite plates. In the problem depicted in Figure 2 , the Le´vy plate formulation is utilized to approximate the displacement parameters in the form of Fourier series with function coefficients [139, 140] :
where b = np/b and q is the external load. The state-space model is used to solve the system of differential equations for both the delaminated and uncracked plate portions.
Undelaminated part
The general form of the state-space model is [85]
where the superscript (ud) indicates the undelaminated plate portion (2) and Z is the state vector, T is the system matrix, F is the vector of particular solutions. Utilizing (30) and taking it back into (29) results in a system of ODEs. The latter should be manipulated so that each equation contains the second derivative of only one displacement parameter. Then the system matrix (size 22 × 22) can be obtained. Since many papers have been published on the construction of the state-space model for similar problems [119, 131, 132] , the details are not given here. The state vector and the vector of particular solutions of the undelaminated part can be defined as
wherex 10 is a constant and can be determined from the state-space model of the undelaminated part. The general solution of (31) is [85] 
where K is the vector of constants (22).
Delaminated part
The state-space model of the delaminated portion ( (1), (1q) and (1a)) can be derived relatively simply based on [129] . The equilibrium equations of standard SSDT [90] can be used, however since the deflection of the top and bottom plates are the same there is a coupling between the shear forces of the top and bottom plates, namely (28) applies also to the delaminated portion. The system matrix of the delaminated portion is a 26 × 26 matrix. The delaminated part was divided into three subparts in Figure 2 : (1), (1q) with uniformly distributed line load along distance d 0 , which was relatively short and finally (1a). The state-space model was formulated for each subparts and the kinematic and dynamic continuity is established among them.
Boundary and continuity conditions
The elements of the state vector in (32) and that of the delaminated part can be referred to as
In accordance with Figure 2 , we have four different plate portions. Thus, the four subparts are denoted by (1a), (1q), (1) for the delaminated portion and (2) for the undelaminated region, respectively. The point force causes singularity in the PDEs, therefore a plate portion (1q) loaded by a constant line force was applied, the length d 0 was a very small value compared to the plate dimensions. In this case Q n = 2Q 0 /bsin(by Q ) [85] , which was applied in the portion (1q), where Q 0 = 500 N/mm in accordance with Figure 2 . If d 0 = 1 mm then the resultant force is exactly 1000 N. The BCs are formulated through the displacement parameters and the stress resultants. The latter ones can be expressed in the following forms: i.e. n xn is the function coefficient in the Fourier series of N x , etc. For the present problem 100 conditions need be formulated. Based on Figure 2 and the coupling among the stress resultants in the equilibrium equations (23)- (28) the BCs are
where d can take t and b, and so some of the equations involve two conditions, altogether we have 24 BCs. The continuity conditions for the displacement parameters between regions (1) and (2) are (by considering (9)- (10)):
xnb )
ynb )
The consideration of the coupling among the stress resultants based on the equilibrium equations (23)- (28) yields
We can formulate 24 continuity conditions between regions (1) and (2) . The continuity between the (1) and (1q) portions involves the following 26 conditions:
(n xnd , n xynd , m xnd , m xynd , l xnd , l xynd )j
where x 01 = x Q 2 d 0 . A further 26 conditions can be derived between (1q) and (1a), these are similar to those in (52), therefore these are not presented here. We have 24 + 24 + 26 + 26 = 100 conditions altogether.
Calculation of the J-integral
In the general 3D case the J-integral is [141, 142] 
where in accordance with Figure 3 n k is the outward normal vector of the contour C, s ij is the stress tensor (s ij n j is the traction vector), u i is the displacement vector, A is the area enclosed by contour C and finally W is the strain energy density. The contour C contains the crack tip and the integration is carried out in the counterclockwise direction (see e.g. [143] ). The contour C is defined in the form of a zero-area path [125] , this results in the fact that the surface integral in (53) becomes zero. In our case x 1 = x, x 2 = z and x 3 = y. The total J-integral involves the sum of the products of the stress resultants and strains evaluated at the locations of x = 20 and x = + 0. It has already been shown that under mixedmode II/III conditions the shear forces and the higher-order stress resultants, R x and R y do not contribute to the ERR at all. For second-order plates with symmetric lay-up and midplane delamination the total J has been presented in [129] . Therefore, we do not present the details of the calculation. The mode-II and mode-III J-integrals can be separated simply by separating the terms with respect to the sin (mode-II) and cos (mode-III) functions leading to
(1) x1d
(1) y1d
(1) xy1d
where the shear strains with the hat are defined aŝ
As can be seen, the J-integrals are not contributed to by the shear forces and the higher-order stress resultants denoted by R at all. The reason for that is these stress resultants and the corresponding shear strains are continuous across the delamination front. In (54)- (55) the subscript (1) refers to the stress resultants and strain components of region (1) in Figure 2 , while subscript (2) refers to the undelaminated region (2) . The latter ones were calculated based on Sections 3-5, and we highlight again that the equations for the delaminated part are not detailed here, but these can be derived based on the literature [90, 91, 133, 134] . It is very important to note that the stiffness parameters (22) of the top and bottom plates are calculated with respect to the local reference planes and the stiffness of the undelaminated top/bottom plate is the same as that of the delaminated top/bottom plate. The stiffnesses are independent of the global reference plane of the system, the latter was implemented into the displacement field through (2), and so the transformation of the stiffness parameters is performed through the equilibrium equations.
Results and discussion
The properties of the analyzed simply-supported plate were (refer to Figure 2 was 0.5 mm thick. The properties of the individual laminae are given by Table 1 (see also [86] ). Four different positions of the delamination in the through thickness direction was studied, these were assigned as cases I, II, III and IV (see the subsequent figures).
The computation was performed in the code MAPLE [144] in accordance with the following points. The stiffness matrices of each single layer of the plate were determined based on the elastic properties of the laminates given in Table 1 . The problem in Figure 2 was solved varying the number of Fourier series terms (N) by creating a for-do cycle. Based on the displacement parameters the stress resultants and the stresses were calculated. Finally the ERRs were calculated using the J-integral. The convergence of the results was analyzed and it was found that after the 13th Fourier term there was no change in the displacement field, stresses, forces and ERRs.
FE model
In order to verify the analytical results FE analyses were carried out. The 3D FE models of the plate with different delamination positions in the through thickness direction were created in the code ANSYS 12 using 8-node linear solid elements. Similar 3D models are documented in the literature [145] , therefore the model is not shown here. The global element size was 0.25 mm × 0.25 mm × 2.0 mm, i.e. each layer was modeled by two elements in the through-thickness direction. In the vicinity of the crack tip a refined mesh was constructed including trapezoid shape elements [145] . The z displacements of the contact nodes over the delaminated surface were imposed to be the same. The mode-II and mode-III ERRs were calculated by the virtual crack closure technique (VCCT) (e.g. [146] ), the size of the crack tip elements were Dx = 0.25 mm, Dy = 0.25 mm and Dz = 2 mm. For the determination of G II and G III along the delamination front a so-called MACRO was written in the ANSYS Design and Parametric Language (ADPL). The MACRO gets the nodal forces and displacements at the crack tip and at each pair of nodes, respectively, then by defining the size of crack tip elements it determines and plots the ERRs at each node along the crack front.
Displacement and stress distributions
To demonstrate the applicability of the present model the distribution of inplane displacement components and the stresses are plotted in the through thickness direction. The stresses were calculated by the layerwise stress-strain relationships [85] . Altogether eight different computations were carried out: four different positions of the delamination in the thickness direction were applied (see later), at the same time each case was calculated for two different plate widths: b = 100 and b = 160 mm (refer to Figure 2) , respectively. However, not all these cases are documented in this paper, refer to the legend in each figure. The displacement and stress distributions were plotted in the vicinity of certain points located on the delamination front. In each case the results by SSDT, FE solution and by FSDT [131] are presented. Figure 5 shows the results obtained in case I, when the delamination was between the 645 8 f and the 0°p lies (see the left-hand side of the figure). It can be seen, that there is an offset in the u displacement component by FE and analytical (SSDT and FSDT) solutions. The reason for that is the boundary conditions in the X 2 Y plane can be given definitely in ANSYS, but can not in the analytical model. In contrast, the neutral plane with respect to v coincides almost to the midplane of the plate. For both displacement components there is a very moderate nonlinearity over the thickness direction. Moreover, it is seen that there is apparently no difference between the SSDT and FSDT solutions in this case. The slopes of the analytical and FE solutions in case I for the inplane displacements are collected in Table 2 . The displacements by FEM of the top and bottom subparts were fitted by a linear and a quadratic Table 1 . Elastic properties of single carbon/epoxy composite laminates. function in the local (top and bottom) coordinate systems. The constant parts of the slopes agree excellently. Taking the FE solution to be the reference value, the difference between the constant part by analysis and FEM are within 5% for u and 9% for v, respectively. In the case of the linear parts of slopes by SSDT and FE the differences are much bigger. The normal stresses (s x and s y ) were calculated along a line determined by the midpoint of the delamination front. An important observation is that the stress distribution is asymmetric in accordance with both plate theory and FE solution (Figure 4 ). The FE model gives nodal stresses, which is the average of the adjacent element stresses. Therefore, the normal stresses in the delamination front were calculated by taking the average of the values by SSDT and FSDT in regions (1) and (2) . The numerical and analytical results agree good, except in the delamination plane, where the numerical model predicts higher stresses because of the singular nature of the stress field. It was shown in a recent paper [129] that for symmetrically delaminated plates the SSDT agrees better with the results of a FE model built-up from linear elements. The normal stresses by SSDT and FSDT are very close to each other. Considering Figure 4 . Distribution of the inplane displacements (u and v), normal stresses (s x and s y ) and shear stresses (t xz and t yz ) over the plate thickness for case I.
the shear stresses (t xz , t yz ) by FE solution a sharp peak appears at the position of the delamination and the traction-free surface conditions are fairly satisfied. In contrast, the FSDT predicts piecewise constant, the SSDT predicts piecewise linear distributions, and neither one satisfies the traction-free conditions at the top and bottom boundaries. However, the transverse shear stresses can be calculated by integrating the 3D equilibrium equations s Á r = 0 [65, 85] . By imposing traction-free top and bottom boundaries as well as stress continuity between the layers it is possible to obtain the dashed-dot-dot (orange) curves in Figure 4 . It can be seen that this solution is rather closer to the piecewise linear SSDT solution than the FE stress distribution. Without any doubt the SSDT theory is much better in the approximation of interlaminar shear stresses than FSDT, especially in the case of t yz . For case II the results are shown by Figure 5 indicating similar differences in the displacements to those for case I. Consequently, the slopes of the inplane displacements, collected in Table 3, are similar to those by  Table 2 , involving the same conclusions. This trend holds even for cases III and IV, therefore the displacement slopes related to these cases are not discussed at all. In the s x normal stress distribution a large peak takes place in the 0°plies in accordance with FE model, which is followed well by the FSDT and SSDT. For s y the agreement is excellent. Finally for the shear stresses the sharp peaks appear again in Figure 5 . Distribution of the inplane displacements (u and v), normal stresses (s x and s y ) and shear stresses (t xz and t yz ) over the plate thickness for case II. cases the SSDT is definitely better than the FSDT especially in the approximation of the shear stress distributions. It is only case IV when the approximation of the shear stresses by the plate solution becomes the worst compared with the FE results. It should be highlighted that based on Figures 4-7 the SSDT estimates significantly more accurately the shear stresses than FSDT, moreover the SSDT is a little bit better again in the prediction of the s x normal stress. Based on the excellent agreement of the analytical and numerical transverse deflections it can be confirmed that it is convenient to choose the midplane to be the reference plane even in the case of asymmetrically delaminated plates. It is also noteworthy that the stress results by FE calculation depend on the crack tip element size. The literature recommends the crack tip elements to be between the one quarter and one half of a single layer thickness for the application of the VCCT [147] . It is obvious that one can use the same mesh for the calculation of the ERRs and stresses. Thus, the dependence of the stresses on the FE size could be reduced. Figure 8 (right-hand side) the mode ratio agrees in the middle region (y = 45.115 mm), at the edges the difference takes the maximum again. In accordance with Figure 9 it is shown that in case III the FSDT solution is not acceptable to describe the mode-III ERR (and so the mode ratios) for both plate width (diagrams at top in Figure 8 ), while the SSDT is still reasonable. In case IV (bottom diagrams in Figure 9 ) the agreement between the SSDT and FE solution becomes the worst, and the analytical model leads to erroneous results. The reason for that is the wrong prediction of the interlaminar shear stresses and the violation of dynamic boundary conditions. The shear forces can be obtained by the integration of the shear stress distributions at a given location. It can be seen, that in cases I and II both the FSDT and SSDT approximates well the area under the curve by FE solution. From the point of view of FSDT case III is the critical case: the FSDT approximates badly the area under the curves of the shear stresses. In contrast, the SSDT is still accurate in this case. Considering case IV in Figure 8 , it can be seen, that locally (for the top and bottom plates separately) the SSDT does not approximate well the shear stress distributions (especially for t yz ). This leads to the fact that the SSDT gives erroneous result for the ERRs in case IV. Although based on (54)- (55) the ERRs are not influenced directly by the shear forces, through the equilibrium equations they affect significantly the results. The final conclusion is that the SSDT is applicable only for cases I-III (FSDT is reasonable only in cases I and II), or strictly speaking, when the delamination is not too close to the boundary surface of the plate. Moreover, the deviations between the stresses from the different theories are related to the inadequacy of the order of the theory used. Also, it is clear, that the presence of the delamination induces complex deformations along the delamination front, which can be captured well by the SSDT, but the satisfaction of the dynamic boundary conditions is very important if the top or bottom plate is relatively thin compared with the global thickness. This indicates that the problem of delaminated composite plates could be better described by higher-order plate theories, e.g. by Reddy's third-order theory [132] but the development of a possible fourth-order plate theory or layerwise theories is also an alternative in this respect.
ERR and mode mixity

Conclusions
The problem of antiplane-inplane shear mode delamination was investigated in this paper using secondorder shear deformable plate theory. A novel double-plate system was developed utilizing the SEKC, which defines the continuity conditions between the top and bottom plate elements (two equivalent single layers) of the uncracked region and the location of the reference plane. The governing equations of the problem were derived and it was shown that there is a significant coupling among the stress resultants of the plate. The problem of a delaminated simply supported plate was solved using Le´vy plate formulation and the state-space model. The solution was provided for the displacement, strain and stress fields, besides the mode-II and mode-III J -integrals were calculated. The results showed that compared with the FE solutions the slope of the displacement distributions agree very well. It was elaborated that due to the delamination the stress distribution becomes strongly asymmetric and sharp peaks appear at the position of the delamination. The J-integral distributions along the delamination front were calculated and compared with FE results based on the virtual crack-closure technique. Four cases were investigated by varying the position of the delamination in the thickness direction and it was found that the SSDT gives reasonable results for the J-integral, except for the last case when the delamination was 0.5 mm close to the boundary surface of the 4.5 mm thick plate. The reason for the poor agreement of this case was the bad approximation of the interlaminar shear stresses. More clearly the second-order plate theory provides a linear approximation of the shear stresses in the through-thickness coordinate, which becomes insufficient if the delamination is separated by only a thin layer from the free boundary of the plate. Based on the present work an important conclusion is that the accurate approximation of the interlaminar shear stresses is essential to create an advanced plate model even in the case when the plate is relatively thin. Therefore, in the near future the third-and fourth-order plate theories will be utilized to develop a more accurate description of the problem of delaminated orthotropic plates. The SEKC requirements can be utilized to solve vibration problems in cracked beams and plates, as well as the dynamic stability of delaminated composite and sandwich structures.
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Appendix: vectors and matrices for (29)
The vectors and matrices for (29) are where the constants denoted by a-l are complicated and therefore these are not presented but can be obtained from the equilibrium equations (23)- (28) . The vectors U i , i = 1.5 are defined as
